The Karsten-Wilczek action describes two chiral fermions but breaks the symmetries under both charge conjugation ( C) and time reflection ( Θ) explicitly, though invariance under CΘ and a mirror fermion symmetry T Θ are maintained. These proceedings outline how the action's symmetries and the presence of the second fermion emerge in mesonic correlation functions. The residual symmetries explain the non-observation of broken time-reflection symmetry in a class of mesonic correlation functions. Time-reflection symmetry is enforced for correlation functions that are manifestly invariant under C or T . Due to contributions from the second fermion, oscillating contributions arise in some mesonic correlation functions. A second condition for non-perturbative tuning of the relevant counterterm is obtained from these oscillations. Both nonperturbative tuning conditions are independent and agree within errors. Due to contributions from the second fermion, additional pseudoscalar states are observed in non-standard channels. Mass splittings between these additional states and the Goldstone boson vanish as O(a 2 ).
Introduction
Minimally doubled fermions are a category of ultralocal, chiral lattice fermions that have only two degenerate flavours of quarks. Karsten-Wilczek fermions [1] are a type of minimally doubled fermions that retains two original poles of the naïve Dirac operator on the Euclidean time axis. Since the two poles of the Karsten- Wilczek operator lie on a line in the Brillouin zone, the hypercubic symmetry is inevitably broken and further anisotropic terms are generated dynamically. The tree-level Karsten- and the gauge action is assumed to be Wilson's plaquette action. The standard discrete symmetries of this action were reviewed first in [2] and include γ 5 hermiticity, cubic symmetry under spatial rotations, symmetry under spatial reflections and symmetey under the product of charge conjugation ( C) and time reflection ( Θ). Eq. . However, CΘ together is a symmetry transform. Moreover, the action is invariant [3] under local vector and axial transforms (the latter only for m 0 = 0)
There is one further unitary transform T that interchanges the poles of the Dirac operator,
which leaves the naïve term in the upper line of eq. (1.1) invariant but flips the sign of the KarstenWilczek term. It is related to the remnant of the discrete subgroup of the U(4)-symmetry of the naïve Dirac action (cf. [4] ) and permits two further symmetry transforms T C and T Θ. The latter has been pointed out as "mirror fermion symmetry" in [5] . Hence, the action has one further independent non-standard discrete symmetry. The action in eq. (1.1) requires inclusion of one relevant and two marginal counterterms that were calculated perturbatively in [3] at one-loop level, 6) where U j0 n is the temporal plaquette at site n. In particular, though eq. (1.4) flips its sign under C, Θ and T , both eqs. (1.5) and (1.6) are invariant under C, Θ and T . The one-loop coefficients [3] read
where G = g 2 0 /(16π 2 ). A non-perturbative tuning scheme that fixes c(g 2 0 ) as the value c M that has minimal anisotropy of the pseudoscalar mass at finite lattice spacing was presented in [6] . Because no method for non-perturbative tuning of d(g 2 0 ) is known at present due to lack of sensitivity, its perturbative estimate is used.
Higher order operators
Higher order operators are restricted by CΘ and chiral symmetries in particular. All possible γ 5 hermitian continuum operators of dimension five that respect chiral symmetry unless they vanish in the chiral limit are collected in table 1. They are referred to as O RC in the ensuing discussion, where R and C are row and column indices. Derivatives are symmetrised as 
Then 2O Hence, O 32 and O 33 form a complete set of independent additional operators. A lattice operator for O 33 , which couples an axial current to the colour magnetic field, can be constructed using F kl n as in the clover term for Wilson fermions. Invariance under TC requires next-to-next neighbour terms in O 32 . As a next-neighbour operator, it would vanish at only one of the two poles of the Dirac operator. The two additional independent dimension five lattice operators are chosen as:
ψ n−20 , (2.1)
The gauge action is anisotropic due to eq. (1.6) but does not include O(a) operators and retains separate invariance under C, Θ and T . This invariance holds for any observables without valence quarks even in full QCD, because the fermion determinant is invariant under each of the symmetries. This statement is proved in section 3. Each dimension five operator varies under C, Θ and T , but is still invariant under CΘ, T C and T Θ. 
Symmetry of the fermion determinant
Invariance of the fermion determinant is inferred from invariance of the partition function, 
Next, the fermion determinant satisfies (C = iγ 0 γ 2 is the charge conjugation matrix)
where gauge fields U are replaced by charge conjugated fields U c , the Wilczek parameter ζ changes its sign and the Dirac operator is transposed. Since the gauge action and the measure are invariant under charge conjugation and the determinant is invariant under transposition, Z satisfies
After relabeling U c to U, it follows that the partition function is an even function of ζ . Since each of the transforms C, Θ or T flips the sign of ζ , the partition function is invariant under either. Due to the invariance of the gauge action and the measure under each, the fermion determinant is invariant as well. An even simpler proof uses the T n of the unitary transform T [cf. eq. (1.
3)] instead of C. Thus, the full QCD vacuum is invariant under C, Θ and T and has more symmetry than the action.
Time reflection of correlation functions
Invariance of the Karsten-Wilczek action under either CΘ-or T Θ-transformations is reflected in invariance of the Hamiltonian H. A generic correlation function C (t f − t i ) between initial and final states O † i |Ω and O † f |Ω using the transfer matrix U(t) = e − Ht reads
where |Ω is the invariant vacuum. Invariance of the vacuum for full QCD is proved in section 3. In particular, C|Ω = |Ω = Θ|Ω . Due to invariance of H under CΘ, one has U(t) = C † Θ † U(−t) C Θ:
If O f and O i both either commute or anticommute with C, the operator C is moved past O f and O i , 3) and leaves the vacuum invariant. Insertion of 1 = Θ Θ † between vacuum states and operators yields
This is manifest Θ invariance of C invariant correlation functions. Since all dimension five operators explicitly break each of C , Θ and T symmetries, odd powers of these operators must cancel if the correlation function has such symmetry. Therefore, leading discretisation effects are suppressed to O(a 2 ) in C invariant correlation functions. Analogous results rely on T instead of C and require O i, f that both either commute or anticommute with T . As purely gluonic operators obviously commute with T (which affects only fermions), Θ invariance and suppression of O(a) corrections are apparent for gluonic observables. Caveat: Generic composite operators of fermion fields that lack additional symmetry under C or T may have O(a) corrections.
Decomposition of interacting fields
The free field has two components related by the unitary transform T of eq. [8] generates parity partner contributions for naïve or staggered fermions. With interactions, the relevant operator of eq. (1.4) cancels divergent interaction effects that would spoil the continuum limit. In the following, approximate tuning is assumed -a mismatch δ c = c − c(g 2 0 ) of the parameter is supposed to be small. This mismatched relevant term would spoil the continuum limit of kernels like g φ m,n , g χ m,n . A local field transform
that modifies the temporal boundary condition (cf. [2] ) shifts the mismatch δ c up to order O(a, ϕ 2 ) into the definition of the fields ψ c ,ψ c . The lattice product rule that is applied requires linearisation in ϕ and a. The field transform's parameter ϕ is constrained by the given parameters c (or rather 
Dirac structures of bilinears with unlike (e.g.φ M T 0 χ) or like (e.g.φ M φ ) components differ by T 0 . Phase factors (−e ±2iϕ ) n 0 = (−1) n 0 ξ ( * ) 2 n for unlike components in eq. (5.4) generate oscillations in correlation functions with a frequency that depends on the mismatch δ c. Except for this δ cdependence, this is well-known for naïve and staggered fermions [8] . If linearisation in ϕ and a and decomposition with kernels g φ ,χ n,m [U] are applicable in the non-perturbative regime, the observed frequency is shifted by ω c = 2|ϕ| unless c is tuned properly. This prediction yields a new tuning condition that is put to the test in numerical simulations. and agree within errors with c M defined by minimal mass anisotropy [6] , though uncertainties of c M are much larger. For fine lattices (a ≤ 0.06 fm), c BPT from boosted perturbation theory [9] is consistent with non-perturbative results. Thus, use of d BPT appears justifiable.
